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Formulas for /3-decay spectra are calculated for Gamow-Teller allowed and first-forbidden unique selection 
rules. Included are all possible effects induced by strong interactions, up to first order in momentum transfer. 
From the measured ratio of B12 and N12 ft values, and from the assumption that the reduced nuclear matrix 
elements for these transitions are identical, a relation is deduced between the magnitudes of the two possible 
induced couplings in the axial vector interaction (the "induced tensor" and "induced pseudoscalar" 
couplings). The "induced pseudoscalar'J coupling must be small in order to produce the observed rate of /J, 
capture in C12, which suggests that the B12-N12// ratio is due primarily to the "induced tensor" coupling. 
Positive evidence of an "induced tensor" coupling might be obtained from a careful measurement and 
analysis of the first-forbidden unique /? spectrum of N16. 

I. INTRODUCTION 

TH E term "induced effects" refers to the alterations 
imposed by strong couplings on the universal 

vector-axial vector (V-A) weak interaction.1 We write 
the effective /3-decay interaction Hamiltonian density 
in the form 

3Q,= 2-1'2G$NHT+II/N+H..C. , (1) 

where the first term of Eq. (1) gives rise to /3~ decay, and 
its Hermitian conjugate (H.c.) gives rise to ff+ decay. 
In the absence of strong interactions, the operator H 
should have the form1 

E«bare» = yii(l+y6)Lll, (2) 

where L^ is the lepton current, 

Z ^ ( L , L 4 ) = ^ T M ( 1 + 7 5 ) ^ . (3) 

We introduce induced effects by writing the effective H 
appropriate for small momentum transfer as2 

H=Zyli(l+\y5)+icrfiV(A+By6)d/dxv 

+ {C+Dyh)d/dxll-]L». (4) 

In Eq. (4), the renormalization of the leading term of 
the A interaction is represented by A, and A, B, C, and 
D are the form factors multiplying the various Lorentz 
invariants involving first derivatives of Lm correspond­
ing to effects first-order in momentum transfer. Time-
reversal invariance requires that X, A, B, C, and D be 
real. 

According to the conserved vector current (CVC) 
theory,1 the nucleon current of the V interaction 
[bracketed terms of Eq. (4) with coefficients 1, A, and 
C] is a conserved current, proportional to the plus com­
ponent of the total isotopic spin current. By analogy 
with electrodynamics, the magnitude of the "weak 
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1 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109,193 (1958). 
2 S. Weinberg, Phys. Rev. 112, 1375 (1958). 

magnetism'' (WM) coupling constant A is given by3 

4 « ( J C P - K » ) A « ( 3 . 7 / 2 M ) , (5) 

in units h=c=m=l, where Kp—Kn is the difference of 
proton and neutron anomalous magnetic moments, and 
m and M are masses of electron and nucleon. The cor­
rectness of the above value of A has been demonstrated 
by measurements of /3-decay spectra.4"6 The CVC 
theory also predicts that the "induced scalar" (IS) 
coupling constant C must vanish. 

The behavior of the /3 interaction under the transfor­
mation G, the product of charge symmetry and charge 
conjugation, permits the separation of the terms of H 
into two classes,2 which transform differently under G. 
The "induced tensor" (IT) term, with coefficient B, 
and the IS term are in a separate class from the other 
four terms. If it is assumed that the 0-decay interaction, 
like the strong interaction, is invariant under G, then 
one must set B = C=0, as is customarily done.7 The 
CVC theory requires the V interaction to be G invariant; 
however, there is no good evidence2 for applying this 
invariance principle to the A interaction, since the 
axial-vector current is not conserved under strong 
interactions. 

The magnitude of the "induced pseudoscalar" (IP) 
coupling constant D has been estimated with the use of 
dispersion theory to be7 

Z>/X«-0.04, (6) 

a magnitude which is practically unobservable in fi de­
cay. Measurements8 of the rate of /x capture in C12 have 
been interpreted9 as requiring that D have this order of 
magnitude. 

We have calculated formulas for Gamow-Teller (GT) 
3 M . Gell-Mann, Phys. Rev. I l l , 362 (1958). 
4 T . Mayer-Kuckuk and F. C. Michel, Phys. Rev. 127, 545 

(1962). 
« Y. K. Lee, L. W. Mo, and C. S. Wu, Phys. Rev. Letters 10, 

253 (1963). 
6 N. W. Glass and R. W. Peterson, Phys. Rev. 130, 299 (1963). 
7 M. Goldberger and S. Treiman, Phys. Rev. I l l , 354 (1958). 
8 G. T. Reynolds, D. B. Scarl, R. A. Swanson, J. R. Waters, and 

R. A. Zdanis, Phys. Rev. 129, 1790 (1963). 
9 M. Morita and A. Fujii, Phys. Rev. 118, 606 (1960). This paper 

contains references to older data and analyses. 
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allowed and first-forbidden unique /3-decay spectra, 
using the effective interaction given by Eq. (4). In order 
to handle derivatives of lepton functions correctly, we 
employed the spherical tensor formalism.10-11 Previously 
published formulas omit terms which may be significant 
in isolating induced effects.12-15 

Weinberg2 suggested that a finite I T coupling might 
cause the ft values of B12 and N12 to differ by a few 
percent. Recent measurements of the lifetimes of 
these transitions indicate that the ft values differ by 
(14d=2.5)%16 or (16±3)%.1 7 Assuming that the nuclear 
matrix elements for these decays are identical, we de­
duced from our formulas a relation between the 
strengths of IT and IP couplings required to produce 
the observed// ratio. 

Next, we amended the /x-capture analysis of Morita 
and Fujii9 to include IT coupling. We found that JJL cap­
ture is relatively insensitive to IT coupling. Conse­
quently, the measured rate8 of ^ capture in C12 restricts 
IP coupling to an amount slightly larger than the Gold-
berger-Treiman estimate [Eq. (6)]. 

The conclusion to be deduced from our analyses of the 
B12-N12 ft ratio and of fx capture in C12 is that there is a 
significant amount of I T coupling in the & interaction. 
Our calculation of the effect of IT coupling on the shape 
of the first-forbidden unique 0 spectrum of N16 indicates 
that a measurement of this spectrum with attainable 
accuracy5 could provide evidence for the violation of G 
invariance in the wea.k interaction. 

II. CALCULATION OF SPECTRA 

Writing Eq. (4) in terms of even and odd nuclear 
operators (using the standard representation y= —ifict. 
and Y4=/3), and retaining terms which might contribute 
significantly to Gamow-Teller (GT) /3~ spectra, we 
obtain 

-iBv (dL/dx±-VU)+Dyb(V-l+dU/dx4). (7) 

The two significant features of the method we employ11 

are that a Foldy-Wouthuysen transformation18 (FWT) 
is used to replace odd nuclear operators and that L^ and 
its derivatives are treated with techniques of Racah 
algebra. 

Use of the FWT can be illustrated with the treatment 
of the term —i/fo'L of Eq. (7). To first order in \/M 
this term is replaced by the following two terms ap-

10 L. C. Biedenharn and M. E. Rose, Rev. Mod. Phys. 25, 729 
(1953). 

11 M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954). 
12 D. Tadic, Nucl. Phys. 26, 338 (1961). 
13 M. Morita, Phys. Rev. 113, 1584 (1959). 
14 B. Eman and D. Tadic, Period. Math.-Phys. Astron. (Zagreb) 

16, 89 (1961). 
16 E. Greuling and N. Huffaker, Trans. N. Y. Acad. Sci. 24, 591 

(1962). 
16 T. R. Fisher, Phys. Rev. 130, 2388 (1963). 
17 R. W. Peterson and N. W. Glass, Phys. Rev. 130, 292 (1963). 
18 L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 

propriate to GT selection rules: 

-ipoL-L~ - (i/M)L-p- (i/2M)vV X L . 

In GT allowed transitions, these terms yield matrix 
elements corresponding to orbital and spin transition 
magnetic moments for "bare" nucleons. Recalling that 
the term proportional to A corresponds to the anoma­
lous magnetic moment [see Eq. (5)], we have Gell-
Mann's analogy3 in detail. There is one peculiarity about 
the 0-decay analogs: because of the Coulomb field of the 
nucleus, the spectral shape of the "orbital" term is 
different from the shape of the "spin" term.19 

After applying the FWT to all odd operators of Eq. 
(7), we further simplify HQT by use of the nonrelativistic 
approximation p « 1 and the identity 

dLjdx^WoLn, (8) 

where Wo is the maximum /3 energy. The resulting 
Hamiltonian is 

HGT=i\(T- {(l-bWo)L-aV XL 

+ [ 6 + (2M)-1- dWo] VU- dv (V • L)} 

- ( i / M ) L - p - ( X / M ) Z 4 < r - p , (9) 

where p is the nucleon-momentum operator, and where 
we have defined parameters 

b^X^B, (10) 

d=(D/2XM). 

We employ the following spherical tensor operators, 
all of which have real matrix elements: 

PJL"=-(i/M)TjLM-j>, (11) 

WjM=-(i/M)YjM<r.v, 

where YjM is the usual spherical harmonic and TJLM is 
defined by 20 

TjLM=ZmC(LU;M-m,m)YL
M-^my 

and £m is a unit vector in the spherical basis. The re­
duced nuclear matrix element of an operator such as 
SJLM is represented by (SJL). 

In calculating spectra we observe the order-of-forbid-
denness convention of classifying terms by the power of 
the nuclear radius associated with each term. For this 
purpose \/M is equivalent to R2. We uniformly include 
all terms of order R2 smaller than the principal term and 

19 Morita [Ref. (13)] uses methods which we feel are incorrect 
in calculating GT allowed spectra with WM coupling. First, he 
introduces WM into the interaction by simply multiplying 
—ipwli by 4.7, which is like saying that strong couplings re-
normalize both orbital and spin contributions to the magnetic 
moment. Second, since he does not differentiate lepton functions, 
he obtains a slightly different spectral shape for WM. 

20 M. E. Rose, Elementary Theory of Angular Momentum 
(McGraw-Hill Book Company, Inc., New York, 1957), Chap. V, 
p. 106. 
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annihilation operators as 

Z M
+ = ^ ( . l - 7 6 ) * f . (14) 

Therefore, correct formulas for positron decay are ob­
tained by substitution of positron for electron functions, 
interchange of proton and neutron states, and changes 
of sign in the formulas for terms involving2: (1) inter­
ference between couplings which transform differently 
under G; and (2) interference between vector and axial 
vector couplings defined by the Upton currents. 

Tables I and I I list the various terms of the correction 
factors Co (WO and d(W) for GT allowed and first-
forbidden unique spectra, respectively. The correction 
factors are expressed in terms of electron energy W and 
potential energy V, maximum electron energy Wo, 
neutrino momentum q, reduced nuclear matrix ele­
ments of the operators defined in Eq. (11), and the 
standard tabulated electron radial function combina­
tions.21,22 The potential energy V of the 0 particle is 
defined to be negative for /3~, and positive for /5+ decays. 

A nuclear model is required in order to evaluate the 
ratios of nuclear matrix elements appearing in these 
Tables. In Appendix A, we present formulas for 
evaluating appropriate matrix elements using the j-j 
coupling model.23 In Appendix B, we discuss a procedure 
whereby lepton radial functions are averaged over the 
nuclear volume rather than evaluated at the nuclear 
surface. 

III. B 1 2 - N 1 2 / f RATIO 

The mirror fi transitions of B12 and N12 to the ground 
state of C12 have already played an important role in the 
study of induced effects in p decay, since the shapes of 
their ^-energy spectra provide the best evidence of the 
existence of the WM coupling. The principal energy 
dependence of C0(W) (see Table I) for energetic tran-

TABLE II . First-forbidden unique correction factor Ci(W), written in the form Ci(W) = (nS^i)"1 2* Nk(&k)C(k). 
Upper signs refer to /3~ decay, lower signs to /3+ decay. 

k 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

1 
- d / 2 5 ) 
- (4 /25) 
2 
5 

=F(2/5\) 
(2/5M) 
±(6/5)a 
= t # 
U 

|[±a=F&-

-u 

Nk 

-(2A0" 1] 

Q& 

rSn 
f*Sn 
6 1 / 2 f 3 5 2 3 

(2/5)1%W2 

(3/5)1%2P22 

rS 21 

rS 2i 

rSn 
rS2i 

V^rSis 
61 / 2nS2 3 

C(k) 

9L1+<?
2Z0 

30^1+2^0+75^1+5^X0 
\5qNi-hqWo 
45^ i+5gWo-15 ? Xi-^L 0 

45iVi+5gW0+15^i+g3Z0 
(W0- V)C(l)-9P1-q*P0+6qL1~2q*No 
(2W-W0-V)C(l)-9P1-q2Po-6qL1-2q*No 
C(6)-(5/2)W0C(l) 
(V*-W0V-l)C(l) + (W-q)(9P1+q*Po)-6qVL1 

+2WoN0+2(Wo- V)RQ+ir(dV/dr)C(4:) 
(Wo-V)C(l)-9P1-q*P0-2q*No+6qL1+C(4:) 
(V*-W(>V-l)C(l)+W(9P1+q2P0)-6qVL1+2qWNo 

+45Rl+3q*R0+\:ir(dV/dr) - TQC(4) 

TABLE I. Gamow-Teller allowed correction factor CQ(W)1 
written in the form Co(W) = {Sio}~1 %kNk(®k)C(k). Upper signs 
refer to (3r decay, lower signs to /S+ decay. 

k 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

Nk 

1 
- 1 / 9 
- 4 / 9 
a 
3 
=F(2/3X) 
(3M)~i 
±(4/3)<x 
=bf& 
id 

§ [ ± a ± & - ( 2 M ) ~ i ] 

-id 

nk 

SlO 
r*Si0 

21/2r2512 

(l/3)V*rWi 
( 2 / 3 ) 1 / V P u 

Sio 
SLO 

SIO 

Sio 

2V*Si2 
2V*Sis 

C(k) 

Lo 
3q*Lo +2qNo 
qNo 
3No —qLo 
3No+qLo 
(Wo-V)Lo-Po 
(2W-Wo-V)Lo-Po 

• C(6)~3WoLo 
(V2-WoV-l)Lo + (W-q)Po 

+ir(dV/dr)C(4) 
(Wo-V)Lo-Po+C(4) 
(V2-WoV-l)Lo +WPo +3Ro 

+ Lir{dV/dr)-VlC(4) 

ignore terms of order RA, etc. Thus, we calculate the 
square of the matrix element of the principal term 
iXofL of HQT and the interference between this term 
and each smaller term. This involves the assumptions 
that a, b, and d are of order of magnitude 1/M. 

Several modifications must be made in the above 
treatment in order to describe fi+ decay. The (3+ inter­
action Hamiltonian density is the Hermitian conjugate 
of that for the (5~ interaction. If we write the H.c. term 
of Eq. (1) as 

3C+= 2-V2G$NH+r-.xlsN, (12) 

then H+ may be written as 

+ {-C+Dyb)d/dxll-]L+, (13) 

a form similar to Eq. (4), except that the signs of the 
G-invariance-violating terms are reversed. Also, L^ can 
be written in terms of positron creation and antineutrino 

21 M. E. Rose, C. L. Perry, and N. M. Dismuke, Oak Ridge National Laboratory Report, ORNL-1459 (unpublished). 
22 C. P. Bhalla and M. E. Rose, Oak Ridge National Laboratory Report, ORNL-3207 (unpublished). 
23 M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1326 (1954). 
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sitions in light nuclei is C(7), the WM term, which 
produces a linear energy dependence with positive slope 
for fi~ decay and with negative slope for fi+ decay. The 
experiments that proved the existence of WM 4 - 6 con­
sisted of measuring the energy dependence of the ratio 
of correction factors of the B12 and N12 decays. The 
results are in agreement with the theoretical predic­
tions, 324 obtained by estimating a from the lifetime of 
the analogous 15.11-MeV y transition in C12. The argu­
ment rests on the fact that the ground states of B12 and 
N12 and the 15.11 MeV excited state of C12 are members 
of an isotopic-spin triplet. Consequently, to the extent 
that nuclear forces are charge-independent, the transi­
tions from these states to the ground state of C12 will 
have identical reduced nuclear matrix elements. 

By contrast, the I T and IP coupling terms [C(8), 
C(9), and C( l l ) in Table I ] have practically no effect 
on the energy dependence of Co (IF).25 However, both 
couplings can affect the rates of energetic transitions, 
and their effect on rates is of opposite sign for (3~ and 
/3+ decay. Therefore, as suggested by Weinberg,2 a 
measured difference in B12 and N12 ft values could be due 
to induced couplings. The same assumption is required 
as was made in the analysis of W M : that the nuclear 
matrix elements be identical. However, this assumption 
is much more critical in the analysis of comparative life­
times than it was in the analysis of spectral shapes. 

The ft value for an allowed GT transition depends on 
the following quantities: 

(/0"1**2 

/ • 
(Co/a (15) 

where | y V | 2 , the square of the GT matrix element, is 
related to the reduced nuclear matrix element (Sio) by 

/ • 
= 4TT[ ( 2 7 + 1 ) / (2 / '+1) ] (5 1 0 ) 2 , (16) 

where / ' and J are initial and final nuclear spins. The 
symbol (Co)av represents the effect on ft values of a 
Co(W) differing from unity: 

(Co), 

= F0(W,Z)C0(W)pWq2dW / F0(W,Z)pWq2dW, 

(17) 
where F0(W,Z) is the Fermi function. 

If we assume that all nuclear matrix elements are 
the same for B12 and N12 decays, the theoretical ft 

24 M. Gell-Mann and S. M. Berman, Phys. Rev. Letters 3, 99 
(1958). 

25 By treating the square of the IP coupling, J. M. Pearson, 
Can. J. Phys. 40, 656 (1962), obtains a term proportional to W. 
He fails to observe that a value of d large enough to make this 
term significant would drastically affect the ratio of B12 and N12 

// values. 

ratio is 

//(N12)/^(B*2) = (C0(Bi2))av/(Co(N12))av. (18) 

For energetic ft transitions in light nuclei, where Wo2^>l 
and (aZ)2<^Cl, (C0)av can be obtained in closed form by 
ignoring the slight variation of Fo(W,Z) from unity: 

<Co>av«l + C i + o C 2 + J C 8 + d C 4 , (19) 

where, according to the methods described in Ap­
pendix B, 

C!=-R2{(4:/35)WoMUWo 

+ ( l + 2 £ ) [ ( l / 1 0 5 ) W ± ( l / 2 5 ) t f ^ 0 ] } 
- T O ^ o ± ( 6 / 5 ) * 7 ] + f ( 6 / 5 ) * 7 

+ ( 3 M ) - 1 [ ^ o ± ( l + | ? ) ( 6 / 5 ) £ / ] , (20) 

C2=( l+ i£ ) (8 /5 ) t f , 

C 8 = T t W V K l + i * ) i * 7 , 
C4= [ (51/70)+ (67/105)at/2db (!+*€)§ UW*. 

Upper signs refer to fi~ emission, lower signs to fi+ 

emission. The quantities U, £, rj, and f are defined by 

U=aZ/R, ^2 1 /2<5i2>/<5 1 0 >, 

v^i2(rW1)/(S10), ^\-1¥/2(rP11)/(S10). 
(21) 

We adopt22 R=0A26aA1/z, and evaluate the matrix-
element ratios £,17, and f as described in Appendix A, 
obtaining the following values for pi/% —» ̂ 3/2 transitions: 

*= 77~(9/64)#2£7A, f=(2XJf) - 1 , (22) 

where A « 2 ± l [see Eq. (A8) in Appendix A] . The WM 
parameter a, evaluated2 from the rate of the analogous 7 
transition in C12, is a—1.16X10 -3. Expressing (Co)av in 
terms of b and d, we obtain 

(C0(B1 2)) a v=1.013-32.4^+113J, 

<C0(N12))av= 1.021+47.96-11W. ^ 

Inserting Fisher's measured value,16 

//(N12)///(B12)== 1.14±0.025, (24) 

into Eq. (18), we obtain the following relation between 
b and d: 

0 .1S2±0 .026=- (87 .0±1 .2 )6+(238±3)^ . (25) 

If b vanishes, as is required by G invariance, Eq. (25) 
has the solution d= (6.4=b 1.0) X 10~4, which corresponds 
to Z>/\=2.4±0.4 [see Eq. (10)]. On the other hand, if 
the Goldberger-Treiman estimate7 of D/\ [Eq. (6)] is 
used, then Eq. (25) yields b= - (1.8d=0.3)X10-». 

The above analysis is quite insensitive to the matrix-
element ratios £, rj, and f, and to the value of a. There 
is a somewhat greater dependence upon the choice of 
nuclear radius. For b = 0 (as required by G invariance) 
the value of d is roughly proportional to the nuclear 
radius assumed. For the Goldberger-Treiman estimate 
of D/X, a 10% increase in R produces only a 1% change 
in b. 
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An important weakness in the above analysis lies in 
the assumption that the matrix elements (Sio)2 for the 
two transitions are exactly equal. Actually, one would 
expect the matrix elements to differ somewhat because 
of Coulomb effects. It is by no means easy to estimate 
the size of this effect. Weinberg2 estimated that the 
difference in matrix elements (Sw)2 might be as much 
as 1%, basing his estimate upon Wilkinson's analysis26 

of iso topic spin impurities in forbidden Ely transitions. 
In an attempt to resolve the indeterminancy of 

Eq. (25) and to obtain a rough check on the accuracy of 
our assumption concerning the equality of the B12 and 
N12 matrix elements, we discuss in the next two sections 
ix capture in C12 and the 0 spectrum of N16. 

IV. y CAPTURE IN C12 

We assume that the ^-capture interaction is given by 
Eq. (4), in which the muon replaces the electron in L^. 
Due to the large rest mass of the muon, the IP coupling 
will have a much larger effect in \x capture than in fi 
processes.7 

The interaction in which a negative muon is captured 
in C12 and the resulting B12 nucleus is formed in its 
ground state has been thoroughly analyzed9 and meas­
ured.8 Since the analyses have consistently omitted 
effects of IT coupling, we have added terms in b to the 
formulas of Morita and Fujii.9 

The resulting transition rate as a function of b and d is 

W = [7.82-(1216+1.33)2+(5.27X104^-295^+1.54)2] 

X H^sec-1. (26) 

Figure 1 shows values of b and d consistent with the 
measurements of Reynolds et al.s: 

<W=(6.6±0.9)X103sec-1 (27) 

On the same Figure, we have indicated the values of 
b and d which satisfy Eq. (25). The intersection of the 
two shaded areas in Fig. 1 is approximately given by 

6=-(1.9±0.35)X10-3 , J = - ( 4 ± 2 ) X 1 0 - 5 . (28) 

.001 

0 

.001 

002 

A 

1 i i ' i > 

Y/\ y. capture in C12 

0 N,2-B12 ft ratio 

f , I 

-

""\>Sv 

-

0 .0002 .0004 

IP COUPLING CONSTANT d 

FIG. 1. Values of induced coupling parameters b and d producing 
the observed rate of /* capture in C12 [simultaneous solutions of 
Eqs. (26) and (27)], and values of these parameters producing the 
observed N12-B12/* ratio [solutions of Eq. (25)]. 

j 2 6 D. W. Wilkinson, in Proceedings of the Rehovoth Conference on 
Nuclear Structure (North-Holland Publishing Company, Amster­
dam, 1958), p. 175. 

Clearly, the requirement of G invariance, that & = 0, 
is inconsistent with our analyses of the //. capture rate in 
C12 and of the B12-N12 ft ratio. The value D/\= -0.15 
±0.08 obtained from Eqs. (10) and (28) is of the order 
of magnitude of the Goldberger-Treiman estimate 
[Eq. (6)]. 

V. (3 SPECTRUM OF N « 

The energy dependence of the first-forbidden unique 
correction factor Ci(W), unlike that of CQ(W), is sensi­
tive to the amounts of IT and IP couplings. This de­
pendence increases with Wo, and it may be possible to 
detect effects of induced couplings in the 10.40-MeV $ 
spectrum of N16. 

In order to calculate these effects, we obtained 
nuclear matrix element ratios using methods described 
in Appendix A. We used point-nucleus electron radial 
functions averaged over the nuclear volume, as de­
scribed in Appendix B. Other assumptions were that 
a=1.16X10r_3, as for B12, and that the nuclear radius 
R=0A26aA1/*. 

Figure 2 shows the function Ci(W)/(p2+q2) calcu­
lated from these assumptions and Table II. Calculations 
were performed for three sets of induced parameters: 
(1) 6 = d=0,27 which corresponds to ascribing the 
N12—B12 ft ratio entirely to a difference of matrix 
elements (Sio); (2) 6 = 0, d=6.4X10~4, corresponding to 
the assumption of G invariance, for which the // ratio 
may be explained as due entirely to the IP coupling; 
and (3) b=-1.9X10-*, d = - 4 X l O - 5 as given by 
Eq. (28). 

Due to the considerable branching to the 6.14-MeV 
excited state of O16, only the upper half of the 10.4-MeV 
iff spectrum of N16 can be analyzed. In this region, the 
plot for case (3) has a slope of nearly 0.6% per MeV. It 
should be possible with present techniques5 to measure 
Ci(W)/(p2+q2) with sufficient accuracy to distinguish 

"l.OO 

0.98 

0.96 

I i i i i I 

-^^ (2> 

0 L - — - — 

" < $ l ^ ^ 

~ W0 for 4 .28 MeV 
f Transition 
H i i i i 1 

i i i i I i 

^ ^ ^ ^ ~ 

/ 

-

W0 for 10.40 MeV ~ 
Transition * \ 

i i i . 1 \\ 
10 15 

ELECTRON ENERGY 

20 

W (mc2) 

FIG. 2. Correction factors Ci{W)/(p2+q2) for the 10.40-MeV j3 
transition of N16, calculated with a=1.16X10""8 and the following 
amounts of IT and IP couplings: (1) b = d=0; (2) b = 0, 
d = 6AX10-*; (3) 6=-1.9X10-*, ^ = - 4 X 1 0 ~ 5 . All curves are 
normalized to unity at WQ. 

27 Curve (1) of lug. 2 shows a smaller variation with energy than 
calculated by J. F. Drietlein, Phys. Rev. 116, 1604 (1959), since 
he ignored Coulomb effects in the WM term [cf., Ref. (15)]. 
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between cases (1) and (3). Such a measurement, 
coupled with a careful analysis of possible errors arising 
from the various assumptions we have made, could 
provide positive evidence of IT coupling, and con­
sequently of the inapplicability of G invariance to the 
13 interaction. 

ACKNOWLEDGMENTS 

The authors are indebted to Dr. F. C. Michel for a 
private communication informing us of Fisher's recent 
measurements of the ft values of B12 and N12. 

APPENDIX A: NUCLEAR MATRIX ELEMENTS 

In order to identify induced effects by comparing 
experimental results with calculated spectra, it is 
necessary to evaluate ratios between the various 
nuclear matrix elements. Rose and Osborn23 have cal­
culated reduced nuclear matrix elements for the j-j 
coupling model, expressing the results in terms of vector 
coupling coefficients and radial integrals Fm and Gmn

±, 
defined by 

rm+2p(r)p'(r)dr, (Al) 

rm+2p{r)D±{n)pf{r)dr, (A2) 

where p (r) and p' (r) are final and initial radial functions 
of the transforming nucleon and D± (n) is given by 

D±(») EE (d/dr)+r-i\$± ( « + * ) ] . (A3) 

The operators we employ pEq. (11)3 a r e similar to 
operators treated in reference (23), and the results of 
that paper can easily be applied to our operators: For a 
transition with shell model assignments / ' ( / ) —»l(j), 

(rnSJL)=(-l) 
r(2/+l)(2/+l)-

L 2x(2j+l) J 

XCQW; 00)A 
: l / J 

(A4) 

(rnPjj) = M~l (4*-)-1'2 ( - 1 ) «'+»'-* 

x[(2H-i)(2/+i)(m):r 
X(2J+l)(2l'+l)W(ljl'j'-AJ) 
XC{Ul'+1; 00)W(JJI'+1, / ' ; ll)Fn-i, 

and 

(A5) 

(r*Wj) 
= i l f - 1 ( 2 x ) - I / 2 ( - l ) ! - i T 3 ( 2 / + l ) ( 2 ; + l ) ( 2 / + l ) ] 1 / 2 

Xi(l'+iyi*C(Ul'+l • 00)W(Wf; i / ' + l ) 
XW(l'+l, j'lj)$J)Gni-- (l')wC(Ul'-1; 00) 
XWmi'j';il'-l)W(l'-l, j'lj;iJ)GnV+l. (A6) 

Published tables can be used to evaluate the C and W 
coefficients28 and the A coefficient.29 

We approximate Fm/Fm> by using the value of this 
ratio for constant radial functions: 

FJFm,«l(m'+3)/(m+3)^R" (Al) 

where i£ is the nuclear radius. We further assume that 
the ratio Gmv^lFm is a constant. With the aid of (A7), 
we express this ratio in terms of the usual parameter A, 
expected23 to lie in the range 1 < A < 3 : 

Gm»±/ (2MFm)« £aZA. (A8) 

APPENDIX B: AVERAGING LEPTON FUNCTIONS 
OVER THE NUCLEAR VOLUME 

In handling the IP spectral terms, one is required to 
evaluate the function r(dV/dr). Inside a uniformly 
charged nucleus of radius R the potential energy V(r) 
of an electron is given by 

^W = i^(3-f2 /122), (Bl) 

where VR=— aZ/R (+aZ/R for a positron). If we 
define the average of an operator 0(r) to mean 

<a(r)>. r2p(r)Q,(r)p'(r)dr, (B2) 

then from Eqs. (A7) and (Bl) we obtain 

(/(dV/drJU^-iVRFo, <F>av«(6/5)F*F0 , (B3) 

as the values to be used in Co(W), and 

<fa(rf:7df)>av«-f VRFl7 <r7>av« (7/6)VRF1, (B4) 

to*be used in Ci(W). 
I t would be more consistent with this treatment of V 

if the electron radial functions were also averaged over 
the nucleus, instead of merely being evaluated at the 
nuclear radius. For instance, evaluated in the usual way, 
Lo has the following approximate form for a point-
charge nucleus13: 

Lo~l-y2R>-hZZ5W+(l/W)lR, (B5) 

where p is the electron momentum. If, on the other 
hand, electron radial functions are averaged over the 
nucleus according to Eq. (A7), Lo for allowed transitions 
takes the form 

L^l-lp2R2-\aZ[_SW+{\/W)~]R. (B6) 

Since the small terms in Eqs. (B5) and (B6) are of the 
same order of magnitude as induced effects, effects of 
averaging should be taken into account with regard to 
the spectra of B12, N12, and especially N16. A further 
refinement of the approach outlined above would be to 
combine such an averaging process with electron func­
tions calculated for a uniform charge distribution.22 

28 L. C. Biedenharn, J. M. Blatt, and M. E. Rose, Rev. Mod. 
Phys. 24, 249 (1952). 

29 G. E. Lee-Whiting, Can. J. Phys. 36, 1199 (1958). 


